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Proton threshold states in 23 Mg are important for the astrophysically relevant proton capture re- 
action 22 Na(p, 7) 23 Mg. In the indirect determination of the resonance strength of the lowest states, 
which were not accessible by direct methods, some of the spin-parity assignments remained exper- 
imentally uncertain. We have investigated these states with Shell Model, Coulomb displacement, 
and Thomas-Ehrman shift calculations. From the comparison of calculated and observed properties 
we relate the lowest relevant resonance state at _E X =7643 keV to an excited 3/2 + state in accor- 
dance with a recent experimental determination by Jenkins et al. . From this we deduce significantly 
improved values for the 22 Na(p, 7) 23 Mg reaction rate at stellar temperatures below Tg=0.1K. 

PACS numbers: 25.40.Lw, 21.10.Pc, 21.60.Cs, 97.10.Cv 



I. INTRODUCTION 



In nuclear astrophysics the understanding of the rp 
processes as a dominant reaction sequence for the Ne-Na 
cycle is a topic of current interest. Studies of this cy- 
cle also have to explain the anomalous abundance of the 
22 Ne isotope observed in the composition of the Orgueil 
meteorite (called Nc-E; E is for extraordinary) by Black 
et al. in 1972 [lj. This isotope is considered to originate 
from beta decay of 22 Na. The increased abundance of 
22 Ne (with a ratio 22 Ne/ 20 Ne > 0.67 much higher than 
the terrestrial 22 Ne/ 20 Ne = 0.1) points to a scenario 
of considerable production of 22 Na and relatively weak 
burning of this material in the 22 Na(p, 7) 23 Mg reaction 
during the beta decay life time of 22 Na (T 1 / 2 =2.6 yr). 
Sizeable 23 Mg production is expected in the hot Ne-Na 
cycle, developing in explosive H-burning locations such 
as novae. The competition between the production and 
the hydrogen burning of 22 Na in the proton capture reac- 
tion 22 Na(p, 7) 23 Mg has been analyzed in the literature 
and temperatures defining hot and cold burning modes 
have been estimated. The astrophysical aspects of the 
22 Na(p, 7) 23 Mg reaction have been outlined in more de- 
tail in the work of Seuthe et al. @ and Schmidt et al. [|[ . 
The results of the last decade concerning thermonuclear 
rates for reactions induced by charged particles are sys- 
tematized in the comprehensive compilation of Angulo et 
al. [|. 

The astrophysical calculations of the the stellar reac- 
tion rate of the proton capture reaction 22 Na(p, 7) 23 Mg 
take into account as many as 21 resonances in 23 Mg. 
The properties of the lowest three resonances could not 
be determined by direct measurements because of the 
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very small capture cross-sections at these low proton en- 
ergies. Lower and upper limits of the resonance reaction 
strengths, however, have been determined in an indirect 
way, using the proton transfer reaction 22 Na( 3 He,d) 23 Mg 
Q. There the energy integrated resonance strengths 
have been calculated from the spectroscopic factors ob- 
tained from the transfer data within the standard DWBA 
method, and from the single particle resonance widths 
evaluated from the optical model. 

The first resonance, corresponding to the -E x =7583 
keV state in 23 Mg, is very close to the proton capture 
threshold (Q p =7579 keV Q) and, by barrier penetra- 
tion arguments, its contribution to the reaction rate is 
negligible. The strengths of the next two resonances, 
the i5 x =7622 and 7643 keV levels, were evaluated to be 
within the limits 5.6 x 10~ 14 < ujj < 8.8 x 10~ 12 meV 
and 1.2 x 10~ 10 < 0^7 < 3.1 x 10~ 8 meV, respectively 
3. Thus for the reaction rates at stellar temperatures 
below Tg = 0.1 the third resonance at -E x =7643 keV is 
important. The uncertainty of this resonance strength 
of more than two orders of magnitude originated pre- 
dominantly from the missing knowledge of the value of 
the transferred orbital angular momentum. The ground 
state of 22 Na has spin-parity 3 + and the E" x =7643 keV 
state in 23 Mg has, according to Endt @, spin-parity 3/2+ 
or 5/2 + . An assignment of 3/2 + would allow an orbital 
angular momentum transfer of ltrans=2 only, whereas an 
5/2 + assignment allows both lt rans =0 and Zt rans =2. The 
transfer angular distribution of Ref. [|| had the shape of 
hrans—^, however, does not allow to exclude the presence 
of an additional, small hrans—0 transfer cross section, 
which would add incoherently. 

In a recent paper, Jenkins et al. have estab- 

lished, that the 7643 keV level has spin 3/2 + . The experi- 
ment used the heavy ion fusion reaction 12 C( 12 C,n) 23 Mg 
with a subsequent measurement of the radiative decay 
branches. The decay of the 7643 keV state by a measured 
7196 keV 7 ray to the first 5/2+ excited state supported 
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arguments for the 3/2 + spin assignment. Similar argu- 
ments fixed the spin assignment of the second 7622 keV 
state, which was also largely uncertain, to 9/2 + . It is the 
purpose of this paper to give complementary arguments 
from a different, namely a shell model, approach in favor 
of a 3/2 + assignment for the third state, and excluding 
a 5/2 + assignment. 

In this paper, we apply the Shell Model (SM) to cal- 
culate excitations in the mirror nuclei 23 Na and 23 Mg. 
We perform calculations of Thomas-Ehrman shifts to re- 
late the levels of the two mirror nuclei and we compare 
the calculated properties of the levels with all available 
experimental information in order to relate the experi- 
mentally observed states with the calculated ones. The 
identification of a SM state with the £" x =7643 keV state 
in 23 Mg then fixes its spin. 

While shell model calculations were applied usually to 
low lying excitations, they have been used successfully in 
the last decade to obtain also predictions for threshold 
states of astrophysical interest in the Ne-Na and Mg-Al 
stellar cycles, see e.g. the studies of Champagne et al. 
[3] and Iliadis et al. In the present work, based 
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Figure 1: Excitation spectrum in 23 Na and 23 Mg, showing ex- 
perimental data from Ref. [(J, in the range of astrophysically 
interesting excitation energies above proton emission thresh- 
old in 23 Mg (Q p =7579 keV). Spins are denoted by 2 J. (a) 
Recent spin assignments from Ref. [3|. 



only on the SM and Thomas-Ehrman shift calculations, 
we obtain results consistent with the results of Jenkins 
et al., i.e. the same spin assignment for the 7643 keV 
level in 23 Mg. We consider this as an argument in favor 
of an approach where shell model and Thomas-Ehrman 
shift calculations are extended to energies for high lying 
proton threshold states of astrophysical interest. This is 
the aim of the present work. 

Fig. Q] shows the mirror levels in 23 Na and 23 Mg above 
the proton capture threshold in 23 Mg. In our approach 
we start with SM calculations of 23 Na since, in a fixed 
basis, these are known to describe better the levels of 
the neutron rich than the proton rich, less bound nu- 
cleus 0j- In addition, some levels are better known for 
23 Na. To compare the mirror levels of 23 Na and 23 Mg 
nuclei we take into account the corresponding Coulomb 
and Thomas-Ehrman shifts. The theoretical method for 
the calculation of the Coulomb shift of the energy of a 
level is discussed in section II. In section III this method 
is applied to the isobar analogue mirror states of 23 Na 
and 23 Mg. SM assignments for some of the 23 Mg pro- 
ton capture states are obtained and discussed. In section 
IV the astrophysical reaction rates are reevaluated and a 
temperature interval, limiting the hot and cold burning 
modes of a novae- sup ernovae scenario, is obtained. 



II. COULOMB AND THOMAS-EHRMAN 
SHIFTS IN MIRROR NUCLEI 

The excited states in the mirror nuclei 23 Na and 23 Mg 
are isobaric analog states, the T z =+l/2 and T z =— 1/2 
members of an isospin T=l/2 doublet. Thus from the 
knowledge of states of 23 Na one may identify the states of 
interest in 23 Mg. Because of the Coulomb repulsion, the 
latter ones are less bound. The positive parity states, we 
are considering here, had been calculated with the shell 
model code OXBASH [ill in the sd configuration space. 
These calculations go back to Wildenthal and use an es- 
tablished set of matrix elements 12]. This procedure is 
appropriate for well bound single particle configurations 
and reproduces many features of sd-shell nuclei in this 
mass range. Because of the fixed basis set of single par- 
ticle wave functions, implied in the determination of the 
matrix elements, this procedure is more appropriate for 
the study of states in 23 Na than for the less bound ones in 
23 Mg. For the states in 23 Mg we assume the same config- 
urations, as obtained for 23 Na. To determine their excita- 
tion energies we calculate Coulomb shifts from a charge- 
dependent, isospin-nonconserving interaction (INC) [13] 
and in addition the Thomas-Ehrman shifts [l4| ■ The lat- 
ter ones take into account, that the proton single particle 
wave functions, in particular the 2sl/2 level, is spatially 
rather extended because of its low binding energy and the 
absence of a centrifugal barrier. Depending on the bind- 
ing energy and spatial extension this leads to a reduction 
of the Coulomb interaction. 

More precisely, the Coulomb shifts have been deter- 
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Figure 2: Calculated Thomas-Ehrman shift assuming pure 
2sl/2 and ld5/2single particle states for A=23 as a function 
of the s-wave neutron energy. 

mined applying the method developed by Herndl et al. 
[15] ]. It uses the INC interaction and reproduces well 
the energy shifts between states of predominant db/2 or 
d3/2 configurations. The Thomas-Ehrman shift [14| is 
derived from calculations with wave functions generated 
in a Woods-Saxon single particle potential model [lii[l7T|. 
Tombrello [l8| first demonstrated that a one-body po- 
tential model with Coulomb interaction can describe the 
Thomas-Ehrman shift. For these calculations the shell 
model wave functions are considered as a sum of terms, 
where the valence nucleon is coupled to excited states 
of 22 Na. Then the Thomas-Ehrman shift is determined 
from the calculated relative shifts of ld5/2 and 2sl/2 
proton versus neutron valence wave functions at single 
particle energies, given by the difference between the en- 
ergy of the actual state and the excitation energy of the 
core state. In the summation the spectroscopic coeffi- 
cients determine the weighting factors. 

Using the Q- values from Ref. Q , the well depth of the 
Woods-Saxon potential is chosen to reproduce the single 
particle energies in the neutron rich isotope, 23 Na. To de- 
termine the energy of the 23 Mg mirror levels the same po- 
tential is used adding an extra Coulomb field of a uniform 
spherical charge of radius tqA 1 ^. To take into account 
single particle states built onto excited cores, s— wave 
neutron and proton single particle orbits are considered 
for each of the states of 22 Na core. The relative Thomas- 
Ehrman shift with respect to a pure ldh/2 state is then 
determined as, Acte = Ae p — Ae„, where Ae„( p ) are 
the single particle energy differences between lcZ5/2 and 
2sl/2 neutron (proton) single particle states. We have 
used a central Woods-Saxon potential with conventional 
values of the radius (ro=1.25 fm) and diffuseness (0.65 
fm) and a uniform charge distribution (re =1.25 fm). 

The Thomas-Ehrman single particle shifts Acte for 
the mirror levels of 23 Na and 23 Mg nuclei are a function 
of the 2sl/2 neutron single particle energy. This depen- 
dence is shown in Fig. [51 The Thomas-Ehrman shift falls 
to zero for higher excitation energies when the s-wave 
neutrons reach the threshold. A similar dependence has 



been obtained for A=13 mass region by Barker [19j |. 

The energy range we have considered in the calculation 
of the TE shifts, shown in Fig. [5J is applicable for states 
of the 22 Na core up to the (£ x =4360 keV, J*' = 2+) 
level. As an example, the level (7750, (5/2+, 7/2+)) in 
23 Na includes configurations of a s-wave neutron coupled 
to the ground state (0., 3 + ) as well as to the following 
excited states in 22 Na: (1951, 2+(T=l)), (1983, 3+), 
(2968, 3+),(3590, 2+) and (4360, 2+). The excitation 
energy, spin and parity for a nuclear level are denoted 
here and in what follows by (l? x (keV), J 7 '). The s-wave 
neutron single particle energies determined from the Q- 
values and the excitation energies of the core are in the 
(—4670, —310) keV range. This interval covers the sig- 
nificant contributions to the Thomas-Ehrman shift, see 
Fig. El 

The resulting relative single particle shifts are mul- 
tiplied by the corresponding 2sl/2 spectroscopic coef- 
ficients from the SM calculation. This term is then 
summed with the SM Coulomb shift using the INC inter- 
action, yielding the total energy displacement. Finally, 
this quantity will be added to an experimental level in 
23 Na with known spin-parity assignment, to obtain the 
predicted isobar analogue state in the proton-rich nucleus 
23 Mg. 



III. SHELL MODEL CALCULATIONS AND 
OBSERVED EXCITED STATES 

For the mirror nuclei 23 Na and 23 Mg we have reliable 
assignments for the levels up to 5778 keV in 23 Na and 
5711 keV in 23 Mg {e.g. Table 23j from Ref. @|). In Ta- 
ble U we show the quality of the Coulomb shift calcula- 
tions of these low lying bound levels, from which we also 
obtain an estimate of the accuracy of the predictions. 
The first columns list the low lying states in 23 Na and 
their calculated and experimental excitation energies. In 
the following columns we relate this to the experimental 
energies and predicted values E^ ES for the mirror nu- 
cleus 23 Mg. The last column gives the difference of these 
two quantities. The observed mean deviation is about 
±60 keV, the largest observed one is 138 keV. From this 
we assume, that in the region of the proton capture states 
in 23 Mg the calculated energies of the Coulomb shifted 
SM states and the experimentally observed ones should 
have twice this mean deviation, that is ±120 keV, see 
e.g. the methods used in Ref. Q or Ref. 

As discussed in the introduction the states of inter- 
est for the astrophysical question of the Ne-Na cycle are 
the above threshold resonances in 23 Mg, in particular 
the second and third state, whose spin assignments were 
uncertain before the work of Ref. [9j, [lOj. The aim is 
to make a correspondence between these states and the 
shell model levels. In Table [TTI we list for the first three 
states above threshold in 23 Mg those SM states, whose 
spin assignments and Coulomb shifted energies fall into 
the experimental range of spins and the ±120 keV en- 



4 



Table I: Experimental and shell model positive parity states 
in 23 Na and 23 Mg below the proton threshold. For 23 Na we 
give the experimental energy _B x (keV) and spin assignment 
2J 71 " and the corresponding shell model states 2JJ M and the 

T 7V7" S~1 Q Q 

energies including the INC interaction _E X . For Mg this is 
put in correspondence with the experimental analogue states 
and energies. We further show the energies predicted from 
the Coulomb shift calculations E^ ES , which are obtained 
from the relation: E^ ES = £ x ( 23 Na) + AE C - AE T e, where 
AE C = B x Arc ( 23 Mg)- J B x JVC '( 23 Na) is the pure Coulomb shift 
and AEte = E C 2 S(2sl/2)Ae T E is the Thomas-Ehrman 
shift (see section II). The last column gives the difference 
between the experimental and predicted energies for 23 Mg. 
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"Experimental data from Ref. [fj. 
6 A£; x (keV)=E x ( 23 Mg) - E^ ES 



ergy interval of the experimental energy. These states 
then are possible candidates to be assigned to the exper- 
imental proton resonances of 23 Mg. It is seen that this 
choice is rather wide for the second state at 7622 keV 
and still contains four candidates for the 7643 keV state, 
which is of main interest here. The determination of the 
spins of these two levels by Ref. @, of course, limits 
these numbers considerably. We also list the resonance 
strength lo^ of these SM states. We also note, that the 
only known T=3/2 isobar analogue state above proton 
threshold, the J' K =5/2 + , 7795 keV state, is identified rea- 
sonably well with the 5/2^ SM state at 7760 keV (not 
shown in Table [[[])• 

We now want to determine from the SM point of 
view whether the third proton capture resonance state 
at £ x =7643 keV has J*=3/2+ or 5/2+. As shown in Ta- 
ble QI] we have to consider the positive parity SM states 
7^=3/2^,3/2^,5/2^ and 5/2^~ , since, as noted above, 
the 5/2^~ SM state is already identified with the T=3/2 
isobar analogue state above proton threshold. To do so 
we want to argue that we can exclude the two other 5/2+ 
states, because they have to be assigned to two other 
states. The first resonance state at E K —7583 keV has 
spin 5/2+; thus we identify this state with the 5/2§ SM 
state. Now it remains to identify a higher excited state 



Table II: Possible shell model assignations for the first three 
threshold states in 23 Mg. Their resonance strengths were cal- 
culated (see section IV) by using SM spectroscopic factors. 
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as the 5/2+ . As seen in Fig. [T] at higher experimen- 
tal excitation energies in 23 Na there are two neighbor- 
ing states with known and restricted spin and parities: 
(8417,3/2+) and (8475,(3/2,5/2)+). According to the 
above procedure the SM calculation relates these levels 
in 23 Na to (8417, 3/2f ) and to (8475, 3/2^ or 5/2+), re- 
spectively. Because of the mutual exclusion we assign 
the 8475 keV level as 5/2^. Applying the shift pro- 
cedure, the 5/2+ x mirror state in 23 Mg is predicted at 
£x=8302 keV. This excitation energy exceeds the en- 
ergy of the known (8166, 5/2+) level in 23 Mg by 136 keV; 
thus outside our energy interval. Thus we have to iden- 
tify the (8166,5/2+) experimental level as the 5/2^ SM 
state. We will come back to this state below. Thus the 
7^=5/2^, 5/2+ and 5/2+ SM states have all been as- 
signed. It follows that the J 1T =3/2 + state corresponds to 
the 7643 keV level. 

To further support the spin assignments in this 
energy range, a comparison between the theoretical and 
available experimental data for spectroscopic factors, 
Gamow- Teller f3 decay strengths, Ml transition prob- 
abilities, and gamma-branching ratios are discussed in 
the following. 

a) Spectroscopic coefficients. 

First we compare SM with experimental single pro- 
ton transfer spectroscopic factors from Schmidt et 
al. [3J. The calculated SM spectroscopic factor 
(2 J +'l)C* 2 S=0.02 for the 3/2+ state is considerably 
smaller than the value of (2J+ 1)C* 2 S=0.10 for the 3/2^ 
state. The experimental value for the 7643 keV level is 
(2J+ 1)C 2 S=0.34 (l=2) (see Ref. [|, Table 3.) 

b) Gamow- Teller (3 decay transitions. 

In a recent paper of Fujita et al. [2l| the GT transition 
strengths for 23 Mg— > 23 Na (3 decay has been determined, 
analyzing the 23 Na( 3 He,i) 23 Mg reaction. The results 
are shown in Table Mil together with the SM transition 
strengths B(GT) computed with the OXBASH code. 
The SM values are systematically too large, reproduce, 
however, the trend of the data. The experimental B(GT) 
for the (8166,5/2+) level in 23 Mg is 0.29+ 0.015 while 
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Table III: The experimental and theoretical values for: GT transition strengths B(GT) corresponding to the 23 Mg — > 23 Na (3 
decay and Ml transition strengths B(M1)| (units of fi%). 
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"Experimental data from Ref. |6j. 
''From Ref. [2l|]. 
c Using W interaction. 
d From Ref. 0], 0. 

C 2J (SM) spins accordingly with sdpn model space. 



Table IV: Experimental gamma ray branching ratio (%) to the 
ground state and the first two excited levels for the states, 
£ x =8360 keV, J' r =(3/2 + - 7/2+) and £ x =8166 keV, J*= 
5/2+ in 23 Na and 23 Mg, respectively, (energies in keV). The 
values corresponding to another possible mirror state in 23 Na 
nucleus, £ x =8475 keV, J*=(3/2 - 5/2)+ are also listed. 





States 


in 23 Na° 




States in 


23 Mg 6 




2,r 


8360 


8475 


£ x 


2r 


8166 


0.0 


3+ 


53 ±3 




0.0 


3+ 


65 ±5 


440 


5+ 


32 ±3 


(50) 


451 


5+ 


19 ±2 


2076 


7+ 


15 ±2 




2051 


7+ 


16 ±2 


other 






(50) 








levels 






unknown 









a Exp. gamma ray branching ratios from Ref. Jp. 
6 Exp. gamma ray branching ratios from Ref. 0]. 



the predictions for the ,7^=5/2^ and 5/2+ x SM states 
are 0.312 and 0.058 respectively. This observation nicely 
supports the J 7r =5/2+ SM assignment, discussed above. 

c) Ml gamma transitions. 

The Ml transition strengths B(Ml)f from the ground 
to the excited states in 23 Na are calculated from 
the SM transition densities and are compared to the 
experimental ones of Fujita et al. 21], and are also 
shown in Table IIIII The theoretical and experimental 
values generally are in good agreement. In particular, 
the experimental value of (B(M1)=0.290±0.13) for the 
£ x =8360 keV in 23 Na agrees well with (B(M1)=0.221) 
for the 5+ SM state. This then supports the 5/2+ SM 
assignment for the i? x =8166 keV excited state in 23 Mg, 
as discussed. The predicted excitation energy of the 



Table V: Experimental and Shell Model 5/2+ states in 23 Mg. 
The El ES predicted energies written in brackets were ob- 
tained from assumed assignments of the analogue states in 
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"Experimental data from Ref. [fj. 
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mirror state in 23 Mg exceeds the experimental one by 
AE X ~ 70 keV only. 

d) Gamma-branching ratios. 

The mirror relation of the £' x =8360 keV state in 23 Na 
and the -E x =8166 keV state in 23 Mg is further supported 
by the experimental gamma branching ratios to low lying 
state in these nuclei. This is shown in Table ITVl together 
with data from the literature. The agreement is surpris- 
ingly good. In contrast, another candidate analogue state 
in 23 Na at £" x =8475 keV has appreciable deviations. 

Summarizing the arguments (a)-(d), the present anal- 
ysis further supports the 5 + SM assignment to the 



6 



Table VI: The resonance strengths for the three lowest states in Mg above the proton threshold. 



£x(keV) a 


2J lro 






uij(meV) 










Ref. [3| 


Ref. [10| 


Present 






low 


high 




high 


7583 


5+ 





1.3 x lO -03 






7622 


(1-9)+ 


5.6 x KT 14 


8.8 x KT 12 


x KT 13 


1.0 x KT 13 c 


7643 


(3 - 5)+ 


1.2 x 1(T 10 


3.1 x 1(T 8 




2.2 x 1CT 10 



"From Ref. |g. 

'According to the spin assignments and resonance energies used 
in the cited works. 
c According to the spin assignment of Ref. |10( . 



i? x =8166 keV state in 23 Mg. This in turn supports the 
J 7r =3/2+ assignment of the 7643 keV level. We thus see 
that purely from SM arguments we are able to assign a 
spin to the 7643 keV level in 23 Mg. At similar argument 
would be more difficult with the second 7622 keV level, 
because of many SM possibilities listed in Table HT1 

From the above arguments we are able to assign the 
first ten 5/2+ states in the SM calculations to definite 
states in 23 Mg. This is shown in Table [V] for all the 
states up to about 8 MeV excitation energy. One can 
also make some spin assignments more definite. The sec- 
ond and third states of 23 Mg at £' x =3864 and 5287 keV 
are IAR of the states at £ x =3914 and 5379 keV in 23 Na 
[f| with spins 5/2+. Consequently these two states of 
23 Mg are also 5/2+ states. All other higher states from 
Table fVl have a well-assigned 5/2+ spin; there is no place 
for assignment of 5/2+ spin to the 7643 level in 23 Mg, 
lending further support to the assignment of 3/2+. In 
addition this table demonstrates that SM calculations 
can be useful to identify experimental levels also at exci- 
tation energies above the threshold, and can thus be of 
use in astrophysical considerations. 



IV. RESONANCE STRENGTHS AND STELLAR 
REACTION RATES 

The resonance strengths for the states just above the 
proton threshold has been determined by the relation, 



k>7 



2J+ 1 



r r 



2J + 1 



2(2J + 1) r t 



2(2J 



i) r > 



where Jo is the spin of 22 Na target, J is the spin of the 
resonant state, while T p , T 7 and Ttot are the partial pro- 
ton width in the entrance channel, the partial 7 width in 
the exit channel and the total width, respectively. The 
last equality is valid for T 7 <c T p , as here. The proton 
widths are determined as product of the spectroscopic 
factors (from SM calculations or from experimental data) 
and the single particle width T p = C 2 S x T sp , where 
C is the isospin Clebsch-Gordan coefficient. The single 
particle width is derived within the optical model as a 
product of the penetration factor and the Wigner unit 



r sp = P\u(r a )\ 2 [2(|. The same parameters of the opti- 
cal potential have been used, as for the Thomas-Ehrman 
shift evaluation. 

The experimental information on the lowest three 
states in 23 Mg above the proton threshold which have 
been included in the calculation of the reaction rate 
is shown in Table IVII The excitation energies and 
the knowledge about the spin-parities J™ are given in 
columns 1 and 2, accordingly with Ref. Q. The re- 
maining columns give the experimental information on 
the resonance strength. In column 3 and 4 we give the 
low and high limits of Ref. 3] (which includes the un- 
certainty due to the uncertainty of the spin of the second 
and third states), and in column 5 the values quoted by 
Jenkins et al. in their last publication [Irj| |. In the last 
column the results for the higher limits of the present 
work are given. The lower limits are nearly the same as 
the lower ones from Ref. @ and we did not list them 
again in Table IVII The low and high limits of the res- 
onance strengths from Ref. Q for the third level were 
mainly due to the possible 1=2 and /=0 values of the 
transferred orbital momenta. The elimination of 1=0 or- 
bital now reduces strongly the range of possible values 
of the resonance strength. Using the experimental spec- 
troscopic coefficient for 1=2 and the prescription from 
Ref. [3| for the upper limit of ojj, the maximum value of 
the resonant strength is now ^(expt^high = 2.2 x 10~ 10 
meV. 

Of particular interest is the strength of the third state. 
While the limits for the strength in Refs. [!, 0| are al- 
most the same and rather wide, these are quite narrowly 
defined in the present work. The values quoted in Refs. 
@ and [1(3] are different. In the table and in the ensu- 
ing calculations we have used the latest values which are 
considerably higher that those of the present work, even 
though now the same spin assignment is used. 

The astrophysical reaction rates have been computed 
according to the formalism of narrow resonances [22| . 
where the contributions are calculated separately for each 
of the analyzed levels. The resonant reaction rates de- 
pend on the resonance energies E r and the resonance 
strengths uij, as well as on the Tg temperature, [23| . 



N A < av > r = 1.54 x 10 11 (AT g )- 3/2 {uj-/)exp 



11.605B,. 
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Figure 3: Upper and lower limits of the reaction rate versus 
stellar temperature Tg for the 22 Na(p, 7) 23 Mg reaction. Using 
the adopted values of Ref. Q the lower solid and the upper 
dashed curves are obtained. We also show the modifications 
of the upper limit of the reaction rate due other assumptions. 
The upper solid line is the reaction rate of this work taking 
into account the 3/2 + spin assignment of the third level. The 
dash-dotted curve is obtained from this solid curve by using 
for the second state the spin assignation given by Ref. [Io| . 
The dash-double-dotted curve uses in addition the strength 
of the third state as given in Ref. [101 ] - The reaction rates are 
normalized to those of Caughlan and Fowler, Ref. (24) ]. 

Here, A is the reduced mass, A = A p At/(A p + At), 
A p is the projectile mass, and At is the target mass. 
The reaction rate Na < ov > r is expressed in units of 
cm 3 s _1 mol^ 1 if the strengths are given in meV, the res- 
onance energies in MeV, and temperatures Tg in 10 9 K. 

In Fig. [3] the upper and lower limits of the reaction 
rate with the various assumptions are shown, normal- 
ized to the ones calculated by Caughlan and Fowler, Ref. 
[24l ]. The lower solid line and the highest dashed lines 
correspond to the reaction rate obtained with the lower 
and upper values, respectively, for the strength functions 
adopted by Ref. [I[ . The other curves represent the up- 
per limits with the other assumptions. The upper solid 
line is the reaction rate of this work taking into account 
the spin 3/2 + assignment of the third level. The dash- 
dotted curve is obtained from this solid curve by using 
for the second state the spin assignment of Ref. [10| and 
corresponding spectroscopic factor of Ref. [|[ . The dash- 
double-dotted curve uses in addition the strength of the 
third state as given in Ref. [lfj. Two aspect will be 
noted: first, the upper limit of Jenkins et al, is much 
higher, due to the higher resonance strength. Secondly, 
the more precise limits for the second state do not much 
affect the reaction rate in the astrophysically interesting 
region above Tg > 0.05. 

From the above limits of the reaction rates, the limits 
of the lifetime against proton capture r p ( 22 Na)=(/oX^ 
Na < crv >) _1 versus stellar temperature Tg, have been 
calculated assuming a stellar density of p=1000g/cm 3 
and a hydrogen mass fraction Xn=\. These limits are 
compared to the /3-decay lifetime r^( 22 Na) in Fig. 2] 



Figure 4: The /3-decay lifetime r^( 22 Na) and the limits of 
lifetime of 22 Na against proton capture, r p ( 22 Na), versus tem- 
perature, calculated for a pure hydrogen composition and a 
density of p=1000 g/cm 3 . The curves were obtained from the 
reaction rates shown in Fig. 3. 

The intersections with this line determine the limits of 
temperature corresponding to the cycle switches between 
cold and hot burning modes. The lines represent the dif- 
ferent assumptions on the burning rates in Fig. [3l where 
the same line signatures are used as there, except, of 
course, that upper and lower limits are now interchanged. 
For the reaction rates of Ref. [1| (solid upper and dashed 
lower line) the limits Tg=0.039 and Tg=0.068 had already 
been calculated in Ref. [3J] . Using the upper limit for the 
reaction rate of this work (solid lower line), the tempera- 
ture interval defining the burning mode lies at Tg=0.055 
to Tg=0.068 (marked by dotted vertical lines in Fig. [4j, 
thus considerably sharpening the lower limit. Using in- 
stead the smaller values corresponding to the 9/2+ spin 
assignment of Ref. TO;] for the second resonance (dash- 
dotted line) does not significantly change the lower limit 
of the cycle switching temperature. Finally using the 
value of Ref. [1(3] for the third resonance strength (dash- 
double-dotted line) significantly lowers the lower limit. 



V. CONCLUSIONS 

In view of the astrophysical importance of the 
22 Na(p, 7) 23 Mg reaction, we have analyzed the spin 
and parity of the lowest levels above the proton cap- 
ture threshold in the 23 Mg nucleus with the help of 
Shell Model calculations. The predicted SM levels for 
the mirror nuclei 23 Na and 23 Mg were calculated using 
the Wildenthal interaction in the appropriate sd space 
model. The isobar analogue nuclear levels were matched 
theoretically by calculating the Coulomb displacements, 
including the Thomas-Ehrman shifts. 

From the comparison of the SM and experimental en- 
ergy levels and other spectroscopic data, in particular 
spectroscopic coefficients, Gamow Teller beta decay and 
B(M1) gamma transition amplitudes and experimental 
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gamma-branching ratios, we deduced that the third state 
just above the proton threshold in 23 Mg at I? x =7643 keV 
has a 3/2 + spin assignment. This is in agreement with 
dedicated experimental studies by Jenkins et al. 0, [Io| , 
who also argued for a 3/2 + value. Their 9/2 + spin assig- 
nation for the lower E" x =7622 keV level, the second above 
threshold, cannot be uniquely predicted by the present 
SM approach. However it does not significantly con- 
tribute to the astrophysical reaction rate for Tg >0.05 or 
for the expected lower limit of the cycle switching tem- 
perature. Using the lower limit of our resonance strength 
for the third, i.e. 3/2 + , resonance above the proton 
threshold, we obtain significantly reduced upper limits 
for the thermonuclear reaction rate below Tg=0.1. Con- 
sequently, the temperature interval defining the stellar 
burning modes for a novae-supernovae scenario is accord- 



ingly narrowed. 

More generally, we have demonstrated the usefulness 
of SM calculations in obtaining assignments of high lying 
levels, even above threshold, which might be of interest 
in astrophysical reaction scenarios. 
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